Eigenvalues of the Helmholtz equation
Katharine Long

These notes are intended to establish the following fact: the negative Laplacian operator
—V? has non-negative eigenvalues.

1 The Helmholtz equation

The scalar Helmholtz equation
Viu4+Au=0

appears naturally in many physics problems, for example, if one looks for product solu-
tions u (r,t) = S(r) T (¢) to the heat or wave equation, the spatial part S (r) must be a
solution to the Helmholtz equation

V25 +AS = 0.
We’ll There is also a generalized Helmholtz equation
V. (x(r)Vu)+ Ao (r)u =0,

in which the coefficient functions « and ¢ are strictly positive (except perhaps at the
boundary). This will appear, for example, in problems where material properties (e.g.
thermal conductivity) vary with space. Although the generalized Helmholtz equation
will be more difficult to solve than the ordinary Helmholtz equation, the conclusions
we’ll draw here about eigenvalues still apply to it.

1.1 Boundary conditions

In an eigenvalue problem the Helmholtz equation will always be accompanied by ho-
mogeneous boundary conditions. The two most common types of boundary conditions
are:

¢ Specifying the function u on the boundary (called Dirichlet conditions). If homo-
geneous Dirichlet conditions are imposed on a boundary subset I'p C I', we write
them as
u=0 onIp.

¢ Specifying the normal component of Vu on the boundary (called Neumann condi-
tions). If Neumann conditions are imposed on a boundary subset I'y C I', we write
them as
A-Vu=0 onTIy.
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3 A MORE GENERAL PROOF

Less common is to specify #i - Vu + fu = 0 on all or part of the boundary (called Robin
conditions). The function B (r) must be strictly positive on the boundary subsets on
which this condition is to be used. Finally, there are periodic boundary conditions in
which the solution is forced to be periodic in one of more of the spatial coordinate.

Here I'll consider only Dirichlet and Neumann conditions, so that I'p and I'y together
make up the whole boundary, which we can write as I'p UI'y = I'. It can happen that
there are no Neumann conditions anywhere, in which case I'y = @, or that there are no
Dirichlet conditions anywhere, in which case I'p = @. The conclusion that all eigenvalues
are non-negative is valid for periodic and Robin boundary conditions, but I'll leave that
for you to prove.

2 Intuition from 1D

In one dimension, the Helmholtz reduces to the harmonic oscillator equation

d*v
ﬁ +AU = O,

which we’ll write in the equivalent form

which has the structure Lv = Av, with L being the differential operator —dez. Suppose
Dirichlet or Neumann boundary conditions are imposed at x = a and x = b, and let v (x)
be an eigenfunction. Now consider some point x € (a,b) at which v (x) > 0, and examine
the implications for the curvature of v.

e If A > 0, then from equation 1 we see v’ (x) is negative and v (x) is concave down,
i.e., towards the x axis.

e If A <0, then from equation 1 we see v” (x) is positive and v (x) is concave up, i.e.,
away from the x axis.

Choose another point at which v (x) < 0, and you’ll find the same result: if A > 0 then
v (x) must be concave towards the x axis, while if A < 0 then v (x) must be concave away
from the axis.

But if v (x) is everywhere concave away from the x-axis, it can’t possibly satisfy any com-
bination of Dirichlet or Neumann boundary conditions; this is easiest to see with Dirich-
let conditions at both boundaries. Since A < 0 implies v (x) is everywhere concave away
from the axis, it is therefore impossible for A to be negative.

3 A more general proof

The argument in section 2 is valid for Cartesian coordinates in one dimension. Now let’s
develop a proof valid in any coordinate system and any number of dimensions. You
might want to refer to my notes on Green’s identities which will help with one step in the
derivation.



https://sciencebykatharine.org/2026/10/25/greens-identities/

4 FOR YOU TO TRY
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Suppose v is an eigenfunction, and form the inner product
<v, Vo + Av>
which is clearly zero since v is a solution to the Helmholtz equation. Therefore,

(v, Av) = <U, —V20> ,

or

2
Ao e =Vie)
(0,0)
Notice that this is a Rayleigh quotient! Write out the inner products with integrals: in the
denominator,

2
v,0) = v dQ)
©0) = [ o)
and in the numerator,
<v,—V20> = —/ V20 dQ.
Q
Now apply Green’s first identity to obtain
<U,—V20> = / Vo -VodQ —/Eﬁ -Vodl
Q r
:/ Vo dQ—/6ﬁ~VvdF.
Q r

With Dirichlet or Neumann boundary conditions, either v = 0 or 7i- Vo = 0 on every
point on I', so we find

N\ (v, —V?v) _ [e | V0> dO)
(v,0) INEREe

which cannot be negative.

4 For you to try

We made two simplifying assumptions:
¢ Boundary conditions are Dirichlet and /or Neumann, not periodic or Robin.
e We used the standard Helmholtz equation V2?1 + Au = 0, not the generalized equa-
tion
V- («Vu)+Aou=0
in which « (r) > 0 and ¢ (r) > 0 are material properties that might vary in space.

See if you can extend the argument in section 3 to show that all eigenvalues of the gen-
eralized Helmholtz equation are non-negative, given any combination of Dirichlet, Neu-
mann, Robin, or periodic boundary conditions.
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